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Abstract. We perform a helicity decomposition in the full Lagrangian of the class of Massive
Gravity theories previously proven to be free of the sixth (ghost) degree of freedom via a
Hamiltonian analysis. We demonstrate, both with and without the use of nonlinear field
redefinitions, that the scale at which the first interactions of the helicity-zero mode come in
is Λ3 = (MPlm
2)1/3, and that this is the same scale at which helicity-zero perturbation theory
breaks down. We show that the number of propagating helicity modes remains five in the full
nonlinear theory with sources. We clarify recent misconceptions in the literature advocating
the existence of either a ghost or a breakdown of perturbation theory at the significantly
lower energy scales, Λ5 = (MPlm
4)1/5 or Λ4 = (MPlm
3)1/4, which arose because relevant
terms in those calculations were overlooked. As an interesting byproduct of our analysis, we
show that it is possible to derive the Stu¨ckelberg formalism from the helicity decomposition,
without ever invoking diffeomorphism invariance, just from a simple requirement that the
kinetic terms of the helicity-two, -one and -zero modes are diagonalized.
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1 Introduction
General Relativity (GR), with or without a cosmological constant, is the unique theory of
a single massless spin-2 field in four dimensions. Consistent with the requirements for a
massless spin-2 representation of the Poincare´ group, it only excites the helicity-2 modes
of the spin-2 field, while the helicity-1 and 0 modes are simply absent. This statement is
true to all orders in interactions, and is made manifest in the standard formulation of GR
by the existence of a local symmetry: nonlinear diffeomorphism invariance. This symmetry
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ensures that any potential additional helicity-1 and helicity-0 modes are pure gauge degrees
of freedom.
If the spin-2 field acquires a mass, then five polarizations (two helicity-2, two helicity-1
and one helicity-0) are necessarily excited in a theory which preserves Lorentz invariance.
At the same time, diffeomorphism invariance is broken by the mass term. This means the
interactions in a massive spin-2 theory, both with itself and with matter, are less constrained
than in a massless one. As a consequence, it has frequently been argued that a sixth ghostly
mode would arise in any attempt to define an interacting theory of a massive spin-2 field.
The sixth mode shows up as higher derivative interactions for the required five polarizations.
For a Fierz-Pauli theory, the mass term is defined such that this sixth mode is absent when
considering quadratic fluctuations around flat space-time, [1]. However the same does not
necessarily remain true around an arbitrary background, or at higher orders in perturbations,
and until recently it was believed that massive gravity would inexorably excite a sixth (ghost)
mode non-linearly. This was the state of affairs until a specific model of massive gravity was
proposed in [2] which generalizes the Fierz-Pauli mass to all orders, [3]. That model was
shown to be free of the ghost degree of freedom, in full generality in the ADM formalism [4]
following earlier arguments in [2], and in the Stu¨ckelberg language both in the decoupling
limit [2, 3] and beyond [5].
Massive gravity was recently reanalyzed using a standard helicity decomposition of the
massive spin-2 field [6], and despite the above results it was suggested that a ghost, or failure
of perturbation theory for the spin-2 field occurred at a surprisingly low scale in which the
theory was already known to be effectively free via the Stu¨ckelberg analysis and ghost free
via the ADM analysis. In this paper, we reconsider the helicity argument, and show that
when all the terms in the Lagrangian are properly accounted for at a given energy scale
(including the ones left out in [6]), the massive gravity theory proposed in [2] is free from
both ghost and low strong-coupling scale problems. We are able to reconfirm all previously
known results directly in the helicity variables without performing any field redefinitions and
clarify how they are preserved even when considering the coupling to matter. We clarify the
connection between the Stu¨ckelberg and helicity decompositions and explain why the field
redefinition between the two is well-defined and remains under perturbative control below
the scale Λ3 = (MPlm
2)1/3. We also show explicitly how the Stu¨ckelberg decomposition can
be derived from the helicity one by the need to diagonalize the kinetic terms of the different
helicity modes around arbitrary backgrounds. These conclusions are in complete consistency
with the results previously obtained in unitary gauge which showed that the theory was ghost
free, [2, 4].
Before focusing on this helicity argument, it is worth putting this paper in context and
summarizing the ups and downs in the development of massive gravity. A recent review of
massive gravity can also be found in [7]. Readers familiar with those works may skip to
section 1.1. We recall here the different ways a generic model of massive gravity has been
argued to contain ghosts, and emphasize how the model presented in [2] evades all these ar-
guments. For simplicity, the energy scale Λn at which a given interaction occurs is expressed
as Λn = (MPlm
n−1)1/n.
A. Absence of the Ghost in Unitary gauge:
Since a massive spin-2 field has five polarizations, while a massless one only carries two, the
linear Fierz-Pauli theory has a discontinuity in the limit of vanishing mass as was first shown
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by van Dam, Veltman, and Zakharov (vDVZ discontinuity), [8]. This discontinuity was
argued to rule out massive gravity on observational grounds. However, soon after Vainshtein
showed that theories of massive gravity could avoid the vDVZ discontinuity problem due to
the existence of nonlinear interactions, [9]. The question then was whether these nonlinear
interactions could consistently be incorporated into the Fierz-Pauli theory. It was then
realized that massive gravity could potentially suffer from ghost-like pathologies due to a
possible sixth degree of freedom emerging at the non-linear level, as first shown by Boulware
and Deser, who discovered that the lapse N0 always enters non-linearly for any mass term
which is a function of the Fierz-Pauli combination f(h2µν − h2) or of the metric determinant,
[10].
Whilst the results of Boulware and Deser are correct, they did not exhaust all possible
interactions for massive gravity theories. Most importantly, they do not account for a subtlety
which allows the theory to maintain a Hamiltonian constraint even when the lapse enters
non-linearly. More precisely, in GR, the lapse N0 and the shift N i both enter linearly in the
Hamiltonian, and it is therefore transparent that this theory has a Hamiltonian constraint.
In massive gravity, the lapse always enters non-linearly, so differentiating with respect to the
lapse does not directly enforce a constraint, but rather an equation through which the lapse
itself could in principle be determined. However, to be able to express all the shifts and
the lapse through these equations of motion, the system of corresponding equations should
be invertible, or equivalently, the determinant of the Hessian Hab = ∂2Lm/∂Na∂N b (where
Na collectively denotes the shift and lapse) should not vanish. In the model of massive
gravity proposed in [2], (called “Ghost-free Massive Gravity” in what follows) it has been
shown explicitly that this condition does not hold and the determinant of the Hessian is zero
(equivalently it has been shown that the Hamiltonian is linear in the lapse after integration
over the shift), [2, 4]. As a consequence, not all the equations of motion are independent,
but instead one of them gives rise to a constraint. This constraint is what projects out the
potential sixth degree of freedom, the so-called Boulware-Deser (BD) ghost. This suggests
that one should look for a reformulation of the theory in which a non-linearly redefined lapse
enforces a constraint from the outset [2, 4].
The full unitary gauge ADM analysis performed [4] confirms the absence of ghosts in
the class of models proposed in [2]. However, in this approach the energy scale of the inter-
actions of the different helicity modes is not transparent. This is the reason why alternative
approaches that introduce auxiliary fields compensated by additional gauge symmetries have
been utilized to analyze the interactions, principally to determine at which scale the helicity-
zero mode becomes strongly coupled. The two main approaches are the Stu¨ckelberg approach,
which introduces auxiliary fields compensated by full nonlinear diffeomorphisms, and the he-
licity approach which introduces auxiliary fields compensated by only linear diffeomorphisms
and an additional U(1) symmetry, described below. We should stress however that since the
unitary gauge formulation is ghost free, any apparent ghost that appears via the introduction
of auxiliary fields cannot actually be present.
B. Absence of the Ghost in the Stu¨ckelberg language:
In 2002, Arkani-Hamed, Georgi and Schwartz (AGS), suggested a complementarily approach
to study massive gravity as an effective field theory and introduced four Stu¨ckelberg fields φa
to make the counting of degrees of freedom transparent, [11], (see also [12]). In this approach,
the covariance of the theory is also explicit, but the power of this framework is in its ability
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to identify the relevant degrees of freedom present in the theory, even when they arise at
different scales. This is possible by taking a specific limit of the theory in such a way that
the different degrees of freedom decouple, hence called the “decoupling limit”.
(a) In the decoupling limit: In this limit, AGS showed that the ghost could in principle
be pushed beyond the scale Λ5, however shortly after, it was argued that the ghost
would inexorably reappear at the scale Λ3, [13]. This was later shown not to be the
most general answer, and there exists a class of theories (corresponding to Ghost-free
Massive Gravity) for which not only does the decoupling limit occur at the scale Λ3,
but no ghost is present at that scale, [2, 3], the decoupling limit if therefore completely
healthy.
(b) Beyond the decoupling limit: It the full theory the absence of the BD ghost was
shown up to and including the quartic order in nonlinearities in [2], and to all orders
in [4]. However, a analysis of the theory at energy scales beyond Λ3 indicated the
appearance of (φ˙0)2 which have been interpreted as the revival of the BD ghost at
larger scales, [14, 15], (notice that these are not the only terms appearing at the that
scale and that order).
Whilst the presence of such a term is manifest, the conclusions of [14, 15] on the
existence of the BD ghost are not correct as these works do not account for the existence
of a constraint, which removes the ghost, [5]. The fact that φ˙0 comes in non-linearly
in the action does indeed imply that the equation of motion with respect to φ0 is
dynamical as it involves some φ¨0, however this does not yet imply that all the four
Stu¨ckelberg fields are independent dynamical degrees of freedom. This would only be
the case if the determinant of the Hessian Hab = ∂2Lm/∂φ˙a∂φ˙b was nonzero. However
it has been shown explicitly that for the specific mass term considered in Ghost-free
Massive Gravity, this condition did not hold and therefore not all four Stu¨ckelberg
fields are independent even beyond the decoupling limit, [5]. This theory therefore
propagates 3 degrees of freedom out of four φa Stu¨ckelberg fields on top of the 2 usual
tensor polarizations, leading to 5 degrees of freedom; this is the correct counting in the
absence of the BD ghost.
The existence of this constraint manifests itself in various ways in classical solutions
discussed in [16–19].
C. (Non-)existence of the Ghost in the Helicity language:
Finally, despite the proof for the absence of any ghost in the model [2] both in unitary gauge
in the ADM language and the Stu¨ckelberg approach (first in the decoupling limit and then
later beyond it), it has recently been argued, that the ghost actually manifests itself in the
helicity decomposition, at the scale Λ4 already at cubic order in perturbations, and then
at the even lower scale Λ5 at quartic order in perturbations, [6]. Whilst this result is in
clear contradiction with the results present in the literature, we here analyze this argument
in more detail and show once again the absence of ghost in the helicity language when all
terms in the Lagrangian are properly accounted for (including terms previously left out in [6]).
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1.1 Relationship between the Helicity and Stu¨ckelberg Decompositions
Since this paper is concerned with the helicity decomposition, let us clarify the relationship
between this and the now familiar Stu¨ckelberg decomposition. Both decompositions rely on
splitting the massive spin-2 field up into a would-be helicity-2 hˆµν , helicity-1 Aµ and helicity-
0 modes pi. In other words, both decompositions express the spin-2 metric perturbation in
the form
hµν =MPl(gµν − ηµν) = hˆµν + 1
2m
∂(µAν) +
1
3m2
∂µ∂νpi +Dµν , (1.1)
where the final piece Dµν is chosen to diagonalize the kinetic term of the different helicities to
avoid kinetic mixing. In both decompositions the helicity-1 and helicity-0 terms are identified
in the same way
pihelicity = piStueckelberg (1.2)
Ahelicityµ = A
Stueckelberg
µ . (1.3)
The difference lies entirely in the final term Dµν , or equivalently in the identification of the
helicity-2 mode. In the helicity decomposition this is chosen to diagonalize only the free
theory (Fierz-Pauli) kinetic term defined around Minkowski spacetime
Dhelicityµν =
1
6
piηµν . (1.4)
By contrast, in the Stu¨ckelberg decomposition, one chooses Dµν to diagonalize the kinetic
mixing term between the different helicities for all terms that arise at energy scales below Λ3
around an arbitrary background. Direct calculation (performed below) shows that this
gives1
DStueckelbergµν =
1
6
piηµν +MPl
(
ΨµαΨν
α − ηµν − 1
2m
∂(µAν) −
1
3m2
∂µ∂νpi
)
(1.5)
=
1
6
ηµνpi +
1
36Λ55
∂µ∂αpi∂ν∂
αpi +
1
12Λ44
∂(µA
α∂ν)∂αpi +
1
4Λ33
∂µAα∂νA
α ,
where Ψµν = ηµν +
1
2MPlm
∂µAν +
1
6MPlm2
∂µ∂νpi. The Stu¨ckelberg decomposition does not
completely diagonalize the kinetic terms, it leaves a mixing that arises at the scale Λ3 . One
could go further and diagonalize at these scales, however it is known that for the generic two
parameter allowed massive gravity models the diagonalization needed is nonlocal at these
scales (although it is local for special cases).
In the Stu¨ckelberg decomposition, the diagonalization term Dµν is defined nonlinearly
in the helicity fields. More precisely (DStueckelbergµν −Dhelicityµν ) is quadratic in the fields. This
does not mean that performing this field redefinition implies perturbation theory for a spin-2
field is breaking down. A direct application of perturbation theory in the helicity
variables without the use of this field redefinition shows that for energy scales
below Λ3 perturbation theory always converges. Since there is no fundamental need to
1In most presentations of the Stu¨ckelberg approach, the diagonalization term Dµν =
1
6
piηµν is not included
until the very end of the calculation. For ease of comparison with the helicity calculation we include it from
the outset. None of the conclusions of standard Stu¨ckelberg presentations are affected by this.
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diagonalize the kinetic terms (it simply simplifies calculations) we will find that the helicity
and Stu¨ckelberg decompositions agree identically on the energy scale at which interactions
come in. In particularly, both decompositions will agree that the first interactions that arise
are at the scale Λ3 and that the helicity-0 mode becomes strongly coupled precisely at this
scale. This is all much easier to see in the Stu¨ckelberg language because of the choice to diag-
onalize all kinetic mixings below the scale Λ3 around an arbitrary background. Nevertheless,
with some effort (see below) all the results are confirmed by the helicity decomposition.
In summary, it is the helicity-2 mode (and not the helicity-0) which is defined differently
in each language
hStueckelbergµν = h
helicity
µν +
1
36Λ55
∂µ∂αpi∂ν∂
αpi − 1
12Λ44
∂(µA
α∂ν)∂αpi +
1
4Λ33
∂µAα∂νA
α. (1.6)
Crucially this field redefinition is trivially invertible to all orders and includes only a finite
number of terms. Furthermore since the second term is nonlinear, this redefinition does not
change the asymptotic states in scattering amplitudes, and thus both hStueckelbergµν and h
helicity
µν
deserve the right to be called the helicity-2 field. The fact that the redefinition includes terms
at the scales Λ5 and Λ4 may cause one to suspect that it disguises interactions at these scales
or that perturbation theory breaks down at these scales. We shall find by direct calculation
in the helicity language that neither of these two fears is upheld and that perturbation theory
of the entire spin-2 field only breaks down at the scale Λ3. Thus the apparent hierarchy of
new interactions at the scales Λ5, Λ4 and Λ3 is a fake one.
The rest of this paper is organized as follows: In section 2 we present a scalar field
toy-model that summarizes the essence of the argument. We then move onto discussing the
allowed two parameter family of ghost-free models of interacting spin-2 fields, i.e. massive
gravity, in section 3.1 before proving the absence of ghost at the scale Λ5 in section 4, then
at the scale Λ4 in section 5 and finally all the way up to the scale Λ3 and beyond in section
6. We emphasize how the Stu¨ckelberg decomposition emerges from this framework without
ever evoking diffeomorphism invariance by the simple requirement of diagonalizing the kinetic
term of the different helicity modes. Throughout we emphasize why these results are left
unchanged by the coupling to matter.
2 A Two Scalar Field Toy-Model
Before jumping into the subtleties of massive gravity, let us consider a representative scalar
field model which will capture the essential points. The essential problem we are faced with
is that when massive gravity is analyzed in the helicity decomposition, it appears to generate
higher derivative interactions at scales which are significantly lower than when the same anal-
ysis is performed in the Stu¨ckelberg decomposition. In [6] this fact was used to argue either
for the presence of a ghost at these low scales or for the breakdown of spin-2 perturbation
theory. Since the relationship between the helicity and Stu¨ckelberg decompositions is just a
field redefinition (described above), the two methods could only disagree if the field redefi-
nition were ill-defined2. The key to seeing that the field redefinition is well-defined is that it
2It is worth emphasizing however that since both descriptions are equivalent in Unitary gauge, they cannot
disagree on the existence of a ghost, even if the field redefinition were ill-defined, they could only disagree on
the scale of strong coupling.
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is not a redefinition of a single field in terms of another single field, but is rather a mixing
of two fields which arise when the kinetic term of one field is diagonalized. As such we will
be able to see both in the helicity and Stu¨ckelberg decompositions that there are the same
number of degrees of freedom even in the presence of a source. This guarantees the absence
of ghosts. Furthermore we will see that perturbation theory remains under control since the
perturbative expansion always converges below the scale Λ3. This property is again tied to
the fact that the field redefinition between the helicity and Stu¨ckelberg decompositions is one
that mixes two fields in a manner characteristic of a kinetic term diagonalization.
The field redefinition that relates the helicity and Stu¨ckelberg decompositions allows us
to write a theory which is already perturbatively unitary in a more manifest way, and this
can be performed to all orders in the fields expansion in a way that preserves the consistency
and validity of perturbation theory. In other words whilst the field redefinition from the
helicity to the Stu¨ckelberg decomposition is helpful, it is not fundamentally necessary. We
can, and will below, understand all the physics directly in terms of the helicity variables and
without the use of field redefinitions see that perturbation theory does not break down until
the scale Λ3 in complete agreement with the Stu¨ckelberg decomposition.
We summarize this procedure in a simple two scalar field model. In this example, as
we have explained, it is essential to maintain a coupling between two different fields, (as is
naturally the case in massive gravity). We consider a field φ (which mimics the helicity-0
mode in massive gravity) and another field ψ (that mimics the helicity-2). As a simple but
representative example, one can consider the (assumed to be exact) tree-level Lagrangian
L = 1
2
φφ+
1
2
ψψ +
ψ(∂α∂βφ)
2
Λ5
+
(∂α∂βφ)
2
(∂µ∂νφ)
2
2Λ10
. (2.1)
By integrating w.r.t. the field ψ, one gets ψ = −(∂α∂βφ)2/Λ5 + ψ0, where ψ0 = 0. Substi-
tuting this back into the Lagrangian, the latter reduces (up to a total derivative) to a free
theory for φ. Hence, two initial data is needed to determine φ, and another two to determine
ψ, leaving no room for any extra ghostly degree of freedom.
On the other hand, looking at (2.1) in its entirety, it does not appear to be obviously
safe: A priori the conjugate momentum to ψ does not seem well defined, however this can be
resolved using a standard Ostrogradsky argument as is performed in the appendix A. The
fact that this theory involves higher derivative interactions seems to imply, at first glance, the
breakdown of perturbative unitarity at the scale Λ. Usually this is indicative of the presence
of ghosts at that scale since in most theories the breakdown of perturbative unitarity also
signals the breakdown of genuine unitarity.
However as we shall see, here unitarity is perfectly intact. To see this let us calculate
some scattering amplitudes. Whilst the 3-point function 〈ψφφ〉 vanishes on-shell from mo-
mentum conservation, the 4-point function 〈φ4〉 on the other hand receives a contribution
from the vertex ∂10φ4/Λ10 which taken alone would indeed break perturbative unitarity at
the scale Λ. However, in addition, there exist three other diagrams that contribute to this
amplitude, which propagate a virtual ψ, through a decay channel of the form φφ→ ψ → φφ.
Such a diagram involves two vertexes, each of the form ∂6ψφ2/Λ5, which by themselves also
break unitarity. However, one can easily see that the sum of all four diagrams vanishes.
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φ2
φ1
φ4
φ3(
∂
Λ
)10 +

ψ
φ2
φ1
φ4
φ3
∂6
Λ5
∂6
Λ5
+

ψ
φ2
φ1
φ4
φ3
+

ψ
φ2
φ1
φ3
φ4
= 0
Figure 1. Tree-level diagrams contributing to the 4-point function 〈φ4〉 at the scale Λ.
The contribution from the first diagram in Fig.1 is given by
M(1)
〈φ4〉
= − 8i
Λ10
(
(p1 · p2)5 + 2↔ 3 + 2↔ 4
)
δ(4)(
∑
pj) , (2.2)
where pa is the momentum of each external φ particle, a = 1, . . . , 4, and the external legs
are computed on-shell such that p2a = 0. The three last diagrams rely on the exchange of a
virtual ψ with 〈ψ2〉p = −ip−2, giving the following contribution
M(n)
〈φ4〉
= − 4
Λ10
(
(p1 · pn)4〈ψ2〉p1+pn(p1 + pn)4
)
δ(4)(
∑
j
pj) , n = 2, 3, 4 . (2.3)
Computing the external legs on-shell such that (p1+ pn)
2 = 2p1 · pn, the sum of all diagrams
is manifestly zero3,
M〈φ4〉 =
4∑
n=1
M(n)
〈φ4〉
= 0 . (2.4)
The same remains true for any n-point function 〈φn〉, (we could also consider here n-point
functions with external ψ but such diagrams cancel automatically since ψ vanishes on-
shell.) Now, the fact that this theory is well-defined and does not propagate any processes
that violate unitarity should not come as a surprise as the cubic term in (2.1) simply indi-
cates that we were not dealing with the properly diagonalized variables, at least around an
arbitrary background. Instead, if we were to perform the well-defined, all orders invertible
field redefinition,
ψ = ψ¯ − 1
Λ5
(∂α∂βφ¯)
2 , φ = φ¯ , (2.5)
one would simply uncover a free theory,
L = 1
2
φ¯φ¯+
1
2
ψ¯ψ¯ , (2.6)
which is manifestly healthy. One might worry that field redefinitions as (2.5) are prohibited
as they change the order of the field. Such an argument would of course contradict the
fact that the S-matrix is independent of the choice of variable. Fortunately, the result with
or without field redefinition is of course just the same, as we have explicitly shown here,
one simply needs to work harder to derive the correct physical outcomes. Furthermore as
we shall show below perturbation theory remains under control even at scales above Λ and
3It is easy to check that the same results hold even if the external legs are taken off-shell in which case
(2.2) needs to be modified accordingly.
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even when working with the original variables ψ, φ. To complete the analogy with massive
gravity, the φ,ψ variables represent the helicity-0 and helicity-2 modes defined in the helicity
decomposition, whereas φ¯, ψ¯ represent their cousins in the Stu¨ckelberg decomposition.
To make the unitarity of the theory manifest in this example, we have not redefined
the field φ itself, but have instead diagonalized the field ψ by a linear shift which depends
on φ. This distinction is crucial. If we were dealing with a single field theory, such a situ-
ation would not have been possible and any interactions at the scale Λ would always have
signaled the breakdown of perturbation theory regardless of the ability to redefine them away.
To give an example of what we are not doing and where concerns about field redefi-
nitions containing derivatives are well founded, consider a single field model which takes the
form
L = 1
2
χχ+
1
Λ3
χ (χ)2 +
1
2Λ6
χχ (χχ) (2.7)
This model certainly contains more solutions than allowed for a single field theory with a
well-defined Cauchy problem. To see this, expand the theory around a background solution
χ = µ, where µ≪ Λ is a constant. To quadratic order the action is
L(2) = 1
2
δχδχ +
1
Λ3
µδχ2δχ+
1
2Λ6
µ2δχ3δχ , (2.8)
hence the equation of motion for the perturbations is

(
1 +
µ
Λ3

)2
δχ = 0 , (2.9)
which exhibits a healthy massless mode and a ghostly mode with mass m2 = Λ3/µ. This
is just a special case of the general result made apparent through a standard Ostrogradsky
analysis.
However, we may also choose to perform the field redefinition χ¯ = χ + χ(χ)/Λ3 and
see that the theory appears to become free
L = 1
2
χ¯χ¯ . (2.10)
However this is clearly fake. The original theory has more solutions than the redefined one.
The original theory has a ghostly pole around the background solution χ = χ¯ = µ. In terms
of χ¯ the ghost seems to have disappeared, but in reality the field redefinition has simply
disguised it. The field redefinition becomes ill-defined at the scale Λ, i.e. when χ ∼ Λ and
∂ ∼ Λ since at that point perturbation theory breaks down since χ(χ)/Λ3 ∼ χ. This means
that it is not possible express χ in terms of χ¯ via a convergent perturbation expansion. This
problem becomes manifest if the coupling to an external source is through χ. Thus whilst
below the scale Λ we may work with the variable χ¯, the ghost reappears at the scale Λ.
For massive gravity the situation is completely different. The number of degrees of
freedom even in the presence of matter remains 5 in both variables. Thus the field redefini-
tion between the helicity and Stu¨ckelberg variables could never have disguised any degrees of
freedom. This is backed up by the fact that the field redefinition remains under perturbative
control below the scale Λ3. We shall demonstrate this in the next section, but doing so let
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us first end this section by commenting on order by order field redefinitions.
Let us consider a slightly different example. Suppose a theory in which the scalar sector
to third order in an expansion in χ takes the form
L = 1
2
χχ+
1
Λ3
χ (χ)2 +O(χ4) . (2.11)
Can we say that there exists a ghost at the scale Λ? Here the answer is clearly no, pre-
cisely because to the same order the cubic term is removable by the same field redefinition
χ¯ = χ + χ(χ)/Λ3. This means that to order (E/Λ)3 there are no interactions. Whilst
this term does give unitarity violation at higher order (E/Λ)6 we cannot say that there is
truly unitarity violation at this scale until we have computed the Lagrangian to sufficiently
high order in the field expansion so that all terms that can contribute at the same order
are accounted form. In other words, by neglecting interactions that can contribute at the
same order in an expansion in E/Λ we might wrongly conclude the existence of a ghost or a
breakdown in perturbation theory where there is not one.
2.1 How to have higher derivatives and evade ghosts
Ostrogradsky’s famous argument, adopted to the case considered here, is that higher deriva-
tive interactions inevitably lead to ghost is predicated on the observation that theories with
higher derivatives require additional initial data to specify the Cauchy problem. This extra
initial data needed is always found to be precisely the initial data defining the ghost degree
of freedom. It is easy to see that the model (2.1) has a well-defined Cauchy problem without
the need to specify additional initial data. This is why there is no ghost in this model despite
the appearance of higher derivatives in the Lagrangian.
Let us derive the equations of motion from (2.1). There are two equations:
Eφ = φ+ 2
Λ5
∂µ∂ν
[
∂µ∂νφ
(
ψ +
1
Λ5
((∂α∂βφ)
2)
)]
= 0 (2.12)
Eψ = ψ + 1
Λ5
((∂α∂βφ)
2) = 0.
These equations appear to have higher derivatives, suggesting that they contain ghosts. But
it is easy to see that this is not the case. The first equation in (2.12), with the account of
the second one, reduces to a trivial second order equation. More formally speaking, taking a
simple combination these two equations give
Eφ − 2
Λ5
∂µ∂ν [∂
µ∂νφ Eψ] = φ = 0 . (2.13)
The key point is that this equation is a standard second order differential equation for φ, and
so requires just the usual two pieces of initial data. The remaining equation to solve, Eψ = 0
does contain higher derivatives in φ, but these are already fixed by the solution of the first
equation4. Thus there are only two remaining pieces of initial data needed, giving a total of
4Naturally, we are considering a situation with no discontinuity, so the equations of motion are satisfied at
least in an infinitesimal region prior where the Cauchy surface is taken.
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four: The same as in a theory of two free scalar fields. So even without the use of any field
redefinition, and even at the nonlinear level, since the theory requires the same amount of
initial data as usual, there can be no ghosts.
The above observation also explains why there is no difficulty in performing the field
redefinition (2.5), even though this redefinition requires double derivatives of φ. This is
because all double derivatives are completely fixed by the usual Cauchy data along with the
well-defined equation of motion for φ.
2.2 Coupling to sources
The only subtlety in the previous arguments has to do with the coupling to sources, be they
external or additional fields. In the case of massive gravity to be treated in what follows this
is concerned with the issue of how to couple with matter5. The essential point here is that a
generic coupling to sources could reintroduce the ghosts/perturbation theory problems at the
scale Λ. For instance this can be seen easily by naively coupling to an external source by the
addition of a term in the Lagrangian of the form
Lsource = Jφφ+ Jψψ . (2.14)
This coupling introduces problems at the scale Λ as can be seen by recomputing the equation
of motion for φ in the presence of the source
Eφ − 2
Λ5
∂µ∂ν [∂
µ∂νφ Eψ] = φ+ Jφ − 2
Λ5
∂µ∂ν [∂
µ∂νφJψ] = 0 . (2.15)
This equation now explicitly includes higher derivatives at the scale Λ and the previously
vanquished Ostrogradsky ghost reappears.
The resolution of this problem is to be more careful in the choice of couplings to sources.
At the classical level, we can choose to couple how we see fit, at the quantum level we must
ensure that the choice made classically is preserved under quantum corrections. It is easy to
see that this can be achieved in our toy scalar example. For instance for an external source,
instead of the previous coupling we choose to couple as
Lsource = J¯φφ+ J¯ψ
(
ψ +
1
Λ5
(∂α∂βφ)
2
)
, (2.16)
we easily see that the equation of motion for φ now becomes simply
Eφ − 2
Λ5
∂µ∂ν [∂
µ∂νφ Eψ] = φ+ J¯φ = 0 , (2.17)
and we recover the result that the Ostrogradsky ghost is vanquished. All of this is made
manifest by the field redefinition, which shows that the theory is equivalent to a free theory
with external sources
L = 1
2
φ¯φ¯+
1
2
ψ¯ψ¯ + J¯φφ¯+ J¯ψψ¯. (2.18)
But the point is, since this is equivalent to a free theory, this form of coupling to φ and ψ, even
though apparently fine tuned in the original variables, is nevertheless preserved to all orders
5We point out however that the apparent presence of a ghost in [14] and [6] is not attributed to the presence
of matter.
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under quantum corrections! For instance, even if the external sources J¯φ and J¯ψ are made
explicit functions of matter fields, there are no interactions at the scale Λ to reintroduce the
pathological couplings at any order in a loop expansion. Although this toy model is special,
it is clear that it is always possible to:
1. Choose couplings to sources which preserves the consistency of perturbation theory and
absence of ghosts at the scale Λ;
2. This choice can be made so that it is preserved under quantum corrections.
In the case of massive gravity the implications of this are that it is possible to choose
consistent couplings to matter which preserve the absence of ghosts/strong cou-
pling up to the scale Λ3. This choice of couplings can be made so that it is preserved
under quantum corrections. We should hardly be surprised by this result. It is well
understood that in GR the couplings to matter must respect diffeomorphism invariance oth-
erwise ghosts will appear at a scale well below the Planck scale. Thus it is no surprise that
we have to impose similar restrictions in massive gravity even though diffeomorphism invari-
ance is broken. Of course in GR this situation is safer since in the absence of an anomaly,
diffeomorphism invariance guarantees that the matter couples in the correct way to all orders
in quantum corrections. In massive gravity, at present we can guarantee this at least within
the regime of validity of the effective field theory. It is clear that all the current formalisms to
describe massive gravity do not yet present all its special properties in a manifest way. It is
likely that there exists another formulation of the allowed ghost-free massive gravity models
that will make the consistency of coupling to matter explicit.
2.3 Perturbation theory is well-defined
Finally we conclude this scalar field toy-model by showing why perturbation theory is well-
defined here even when the field redefinition is large. The redefinition (2.5) may still give
a lingering doubt that since the second term becomes as large as the first at energy scales
∂ ∼ Λ and φ ∼ ψ ∼ Λ, then perturbation theory is breaking down. This was the argument
suggested in [6] that the perturbation theory for the spin-2 field was breaking down, applied
in the present toy-model. However, this is not the condition for the validity of perturbation
theory. Rather the condition is that the perturbative expansion converges (at least is an
asymptotic series, although in the present case this is not a concern). The second term may
be as large or larger than the first as long as the higher order terms become sufficiently small
that the whole perturbative expansion converges. Fortunately this is trivial to see here, not
only does the expansion converge, it terminates. Recognizing that the expansion parameter
is Λ−5, i.e. (E/Λ)5 we may express the general solutions of the equations of motion (2.12)
in the form
φ =
∞∑
n=0
1
Λ5n
φ(n) (2.19)
ψ =
∞∑
n=0
1
Λ5n
ψ(n) . (2.20)
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It is easy to see that φ(n) = 0 for n ≥ 1 and ψ(n) = 0 for n ≥ 2 and that the only nonzero
terms are
φ(0) = φh −−1J¯φ (2.21)
ψ(0) = ψh −−1J¯ψ (2.22)
ψ(1) = −(∂α∂βφ(0))2 , (2.23)
where φh and ψh are homogeneous solutions φh = ψh = 0.
Thus whilst it may be true that above the scale Λ the second order perturbation may
be larger than the first, i.e. ψ(1) ≫ ψ(0), perturbation theory is still well-defined because the
third and all higher perturbations are zero. Thus the perturbative expansion always converges
and is moreover exact at first order. In the full massive gravity theory, this argument can be
used to see that perturbation theory only breaks down, i.e. that the perturbative expansion
fails to converge, only once we hit the scale Λ3 where the helicity-0 mode becomes strongly
coupled. In fact in massive gravity, the situation is even clearer. At the same scales at which
the second order perturbation becomes larger than the first it is still true that hµν/MPl ≪ 1
and this explains why the perturbative series is still well under control.
3 Ghost-free Massive Gravity
3.1 The model
In this paper we will consider only the two parameter family of the ghost-free models pro-
posed in [2] and proven ghost free in [4]. This is what we mean by ‘Ghost-free Massive
Gravity’. We consider the metric gµν , and in what follows, we use the notation where square
brackets [. . .] represent the trace of a tensor contracted using the Minkowski metric, e.g.
[K] = ηµνKµν and [K2] = ηαβηµνKαµKβν , while angle brackets 〈. . .〉 represent the trace with
respect to the physical metric gµν , so that 〈H〉 = gµνHµν and 〈H2〉 = gαβgµνHαµHβν .
The action for the allowed interacting theories of massive spin-2 fields written in a
diffeomorphism invariant way are then of the form [2],
L = 2M2Pl
√−gR+ Lm , (3.1)
where R is the scalar curvature and the mass term is given by
Lm = 2m2M2Pl
√−g
(
L(2)der(K) + α3L(3)der(K) + α4L(4)der(K)
)
(3.2)
with the interaction terms are given by
L(2)der = [K]2 − [K2] ,
L(3)der = [K]3 − 3[K][K2] + 2[K3] , (3.3)
L(4)der = [K]4 − 6[K2][K]2 + 8[K3][K] + 3[K2]2 − 6[K4] ,
and K is defined via 2Kµν −KµαKαν = Hµν or equivalently Kµν = δµν −
√
∂µφa∂νφbηab, with
Hµν = gµν − ηab∂µφa∂νφb . (3.4)
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The φa’s are four Stu¨ckelberg fields introduced to provide a diffeomorphism invariant formal-
ism. Throughout the rest of the paper we shall work in unitary gauge for which φa = xa and
so Hµν = gµν − ηµν = hµν/MPl.
The allowed mass terms derived in [2] can be shown to arise as the expansion of the
determinant
√−g det[gµν + λKµν ] to fourth order in λ [16, 20, 21]. In particular, it is easy to
show that up to a total derivative, a linear combination of the above three interaction terms
in (3.3), is equivalent to a single term [K] in combination with a cosmological constant. This
is referred to as the minimal model in [21].
With these terms it was shown that no ghosts are present in the models, neither in the
decoupling limit [2, 3], nor in the full theory by performing a Hamiltonian analysis via the
ADM formulation [2, 4], nor beyond the decoupling limit in the Stu¨ckelberg formulation [5].
3.2 Helicity decomposition
The essence of the helicity decomposition is the observation that at physical momenta k ≫
m the spin-2 representation may naturally be decomposed into two helicity-2 modes, two
helicity-1 modes, and a single helicity-0 mode. The decomposition that serves to diagonalize
the quadratic order kinetic term is, written in terms of the metric gµν = ηµν+hµν/MPl where
hµν = h˜µν +
1
2m
∂(µAν) +
1
3
(
1
m2
Πµν +
1
2
pi ηµν
)
, (3.5)
with Πµν = ∂µ∂νpi. (Here h˜µν is what was earlier referred to as h
helicity
µν ). An important point
to note, is that whilst the last term is subdominant to the one that precedes it, it is crucial to
include it in order to diagonalize the kinetic term. Without it there will be a kinetic mixing
between pi and h˜µν . The fact that subdominant terms must be included to remove the kinetic
mixing will play an important role in the following discussion.
This decomposition can for example be useful in considering scattering amplitudes, since
it correctly identifies the asymptotic helicity-2 mode h˜µν , two helicity-1 modes Aµ, helicity-0
mode pi. The decomposition also respects linearized diffeomorphisms and a U(1) symmetry
which guarantees the correct counting of degrees of freedom of the free theory.
As in the Stu¨ckelberg decomposition, the 1/m2 in the normalization of the helicity-0
mode implies its interactions come in at a different scale than those of the helicity-2. As such
we can take a decoupling limit in which MPl → ∞ and m → 0 keeping combinations of the
form Λn = (MPlm
n−1)1/n fixed to isolate the dominant interactions.
To start with, it will be useful to perform an expansion in hµν , such that we have,
Lm = −m
2
2
(h2µν − h2) +
m2
MPl
(
k1h
3
µν + k2hh
2
µν + k3h
3
)
+O(h4) , (3.6)
with
k1 = −(k2 + k3) , k2 = −(1 + 3α3/4) and k3 = (1 + α3)/4 , (3.7)
and all indices are raised with ηµν . Similarly, the Einstein-Hilbert (EH) term, is of the form
2M2Pl
√−gR = 1
2
hµν Eˆαβµν hαβ +
1
2MPl
hµν
[
∂µh
α
[β∂νh
β
α] − 2∂αhβ[β∂αhµ]ν + 2∂αhµ(ν∂βhαβ) (3.8)
− 4∂(αhαµ∂βhβν) −
1
2
ηµν
(
∂αh
γ
[β∂
αhβγ] + 2∂αh
γ
(γ∂β)h
αβ + 4(∂αh
α
β)
2
) ]
+O(h4) ,
– 14 –
where Eˆ is the linearized Einstein tensor,
Eˆαβµν hαβ = hµν − ∂α∂(µhαν) + ∂µ∂νh− ηµν(h− ∂α∂βhαβ) , (3.9)
and we define (a, b) = ab+ ba while [a, b] = ab − ba. In terms of the helicity decomposition
(3.5), the full quadratic action is then
L(2) = 1
2
h˜µν Eˆαβµν h˜αβ −
1
2
F 2µν +
1
12
pipi (3.10)
− mAµ
(
∂ν h˜
µν − ∂µh˜
)
+
m
2
pi∂µA
µ
− 1
2
m2
(
h˜2µν − h˜2
)
+
1
2
m2pih˜+
1
6
m2pi2 .
4 Relevant interactions at the scale Λ5
In this section we shall derive the decoupling limit obtained keeping the scale Λ5 fixed and
show that the resulting theory is a ghost-free free theory. The most dangerous interactions
that could arise in a massive theory of gravity occur at the scale Λ5. At cubic order, the
interactions that arise at the scale Λ5 are that of the form (∂
2pi)3 arising both from the EH
term and the mass term, as well as h˜∂2(∂2pi)(∂2pi) arising solely from the EH term. This
second kind of interactions, play an essential role in the consistency of the theory. The most
relevant interactions at cubic order are,
L(3)Λ5 = −
1
18Λ55
h˜µν
(
Vµν − 1
2
V ηµν
)
(4.1)
+
1
27Λ55
(
1
4
piV + k1[Π
3] + k2[Π][Π
2] + k3[Π]
3
)
,
with
Vµν = ∂µ∂α∂βpi∂ν∂
α∂βpi − ∂α∂µ∂νpi∂αpi . (4.2)
and V = ηµνVµν . As a consistency check, one can see that Vµν satisfies the transverse relation
∂µV
µ
ν =
1
2∂νV , which is a simple consequence of linearized diffeomorphism invariance. (In
the decoupling limit, full diffeomorphism invariance always reduces to the linearized diffeo-
morphism invariance, but this is true only in the decoupling limit [5, 17]). One can also check
that Vµν is nothing but the Lichnerowicz operator applied on Π
2
µν = ∂µ∂αpi∂ν∂
αpi,
Vµν − 1
2
V ηµν =
1
2
Eˆαβµν Π2αβ , (4.3)
which will have important consequences for the consistency of the theory, as we will see
below. After integration by parts, we simply have the relation
piV =
1
2
([Π]3 − [Π][Π2]) . (4.4)
Unsurprisingly, the mass term in (3.2) is precisely such that the last line (4.1) is a total
derivative,
1
4
piV + k1[Π
3] + k2[Π][Π
2] + k3[Π]
3 =
3 + 2α3
8
(
[Π]3 − 3[Π][Π2] + 2[Π3]) . (4.5)
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However, it is not possible, nor is it desirable to cancel the h˜V interactions, because they
play a crucial role in ensuring the consistency of the theory. This leads to the cubic vertex
at the scale Λ5
L(3)Λ5 = −
1
36Λ55
[
Π2
]µν Eˆαβµν h˜αβ . (4.6)
The full decoupling theory at the scale Λ5 also includes quartic interactions of the form
L(4)Λ5 =
1
3424Λ105
Π2µν(V
µν − 1
2
V ηµν) =
1
3425Λ105
Π2µν Eˆµναβ Π2αβ . (4.7)
Putting this together, the exact decoupling theory obtained in the limit MPl → ∞ keeping
Λ5 fixed is
LdecΛ5 =
1
2
(
h˜µν − Π
2µν
36Λ55
)
Eˆαβµν
(
h˜αβ −
Π2αβ
36Λ55
)
− 1
8
F 2µν +
1
12
pipi . (4.8)
We shall analyze the physics of this action below.
4.1 Triviality of the S-matrix in the Λ5 theory
A cursory glance at this action (4.8) would seem to imply the presence of strong coupling, or
unitarity violation at the scale Λ5. However it is easy to see that this is not the case, since
there is something remarkably special about this theory that is not apparent at first. To see
what this is, let us calculate scattering amplitudes. The cubic vertex L(3)Λ5 in (4.6) can be
used in diagrams but only if h˜ is computed off-shell (no external leg in h˜). There is therefore
no non-trivial 3-point function at the scale Λ5
6. For the 4-point function, on the other hand,
the situation is different and let us calculate the 2 → 2 scattering amplitude between four
helicity-0 modes at tree level. This amplitude receives a contribution from 4-point interaction
encoded in L(4)Λ5 . Taking this term alone one would find that the scattering amplitude violates
perturbative unitarity at the scale Λ5. Thus, if the decoupling theory only included the term
L(4)Λ5 , it would certainly be true that the theory would violate tree level unitarity at the scale
Λ5. However, there are 3 other Feynman diagrams that contribute at tree level at the same
order corresponding to s-channel, t-channel and u-channel exchange of a virtual helicity-2
mode. Individually each of these diagrams also violates perturbative unitarity at the scale Λ5.
However the sum of all the diagrams which arise at the same order 1/Λ105 is easily shown to be
zero, in just the same way as was performed in the preamble scalar field toy-model (see Fig.1).
Since only the total amplitude can be measured, and the total scattering amplitude is
zero, we find that there is no unitarity violation at the scale Λ5. This in turn implies there
are no new degrees of freedom, or ghosts at this scale. This argument can easily be extended
to all n-point functions and to all loops, and one may confirm by direct although laborious
calculation that the S-matrix is trivial
〈f | Sˆ − Iˆ |i〉 = 0 . (4.9)
6If we were to compute the 3-point scattering amplitude on top of a background, for which we could take
h˜ off-shell, it is true that this vertex could give rise to a non-trivial contribution to the 3-point function, but
it would be canceled by the contribution from the matter.
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There is fortunately a much simpler way to see the triviality of the S-matrix. By performing
the well-defined, invertible field redefinition
h˜µν = h¯µν +
1
36Λ55
Π2µν , (4.10)
we can easily see that the decoupling theory reduces to
LdecΛ5 =
1
2
h¯µν Eˆαβµν h¯αβ −
1
8
F 2µν +
1
12
pipi , (4.11)
where the free kinetic term is now written in terms of h¯µν . Thus since the theory is free in
this decoupling limit we can see easily why the S-matrix turned out to be trivial to all orders.
One might worry that such redefinitions are not appropriate since they mix orders of the
spin-2 field and hence imply that at least one of the degrees of freedom is strongly coupled.
However, this is clearly incorrect, since we did not need to perform this field redefinition to
see that the S-matrix was trivial. It was possible to see it in the original variables. Since the
S-matrix is trivial, all the degrees of freedom are not only weakly coupled at these scales,
they are precisely free in the limit. This fact is true regardless of the variables used. The
S-matrix is of course only an on-shell quantity, however we shall see below that perturbation
theory is under control even off-shell.
Although not necessary, the field redefinition (4.10) is desirable to perform since it
diagonalizes the kinetic mixing of the helicity-2 and -0 modes at cubic order. Remarkably it
is precisely the same contribution we derive using the Stu¨ckelberg decomposition. However,
we did not have to invoke the Stu¨ckelberg decomposition nor diffeomorphism invariance to
see this. It follows simply from diagonalization of the kinetic term. Furthermore since the
redefinition is quadratic in the fields, it does not change the asymptotic states, and so both
h˜µν and h¯µν deserve to be called the helicity-2 mode. Note also that the additional piece
seen in (4.10) is a modification of the subleading part of the decomposition since it is down
by m2/k2 relative to the leading order helicity-0 contribution ∂2pi/m2 when pi ∼ ∂ ∼ Λ5.
4.2 Absence of ghosts nonlinearly or around arbitrary backgrounds
The previous arguments guarantee the consistency of the theory defined perturbatively
around hµν = 0. However, sometimes it is possible for ghosts to arise when expanded around
an arbitrary background. Again, if we neglect the h˜V interaction this is true of the theory
(4.8). However, when all interactions are included it is easy to show that this is not the case.
To see this, let us derive the full equations of motion, in the original helicity variables. In an
arbitrary gauge the equations of motion that follow from (4.8) are
Epi = pi − 1
3Λ55
∂ω∂ν
[
∂µ∂ωpiEˆαβµν
(
h˜αβ − 1
36Λ55
Π2αβ
)]
= 0 , (4.12)
EAµ = ∂µFµν = 0 , (4.13)
Ehµν = Eˆαβµν
(
h˜αβ − 1
36Λ55
Π2αβ
)
= 0 . (4.14)
As usual these equations are seemingly higher derivative, and so a cursory analysis would
seem to suggest the presence of a ghost. However, again this can be shown not to be the
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case. As before taking the combination
Epi + 1
3Λ55
∂ω∂ν
[
∂µ∂ωpi Ehµν
]
= pi = 0. (4.15)
This gives a well-defined equation of motion for pi whose solution, once known, can be sub-
stituted back into the equation (4.14) for h˜µν . This analysis is completely analogous to what
is performed in the Stu¨ckelberg language beyond the decoupling limit, see Ref. [5].
The number of degrees of freedom is one half the total amount of initial data needed
to solve these equations. As usual the vector part gives two helicity-1 modes. Crucially the
equation for the helicity-0 is second order and so gives rise to only one independent degree
of freedom (two pieces of initial data). Finally, although the right hand side of the equation
for the helicity-2 mode (4.14) contains higher derivatives, the helicity-0 mode is already de-
termined by its own well-defined equation. Thus the only remaining initial data to specify
is that for h˜µν . As usual, the gauge condition removes 4 degrees of freedom, but if say we
choose de Donder gauge, since it does not fix all the freedom, we can use the remaining
non-uniqueness to reduce down to two independent polarizations which describe the real
helicity-2 component.
All of the above is trivial once we work with the field redefined coordinates for which
the equations of motion take the form
pi = 0 ,
∂µFµν = 0 , (4.16)
Eˆαβµν h¯αβ = 0 .
It is however important to make clear that the field redefinition does not disguise any degrees
of freedom, which is why we have labored the argument. The counting can be performed
correctly without performing any field redefinitions.
Note that again had we discarded the h˜∂2(∂2pi)2 interaction, as was done in [6], the
equation of motion for the helicity-0 mode would have been higher order, and it would have
been necessary to supply more initial data to solve it. This would indeed indicate the presence
of a ghost at the scale Λ5. Only once all the interaction terms are taken into account can we
correctly diagnose the absence of a ghost.
4.3 Coupling to matter
4.3.1 A first look at external sources
Let us now come to the coupling to matter. We already know from our simple two scalar
toy model that this deserves some care. For instance, let us suppose as a first attempt that
we just couple to an external source Sµν which we shall not assume to be conserved. This is
important since diffeomorphism invariance is broken by the mass term, there is no reason to
assume that the external source for a massive spin-2 field is conserved. Adding the term
∆Lmatter = 1
2
hµνS
µν , (4.17)
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and taking the Λ5 decoupling limit modifies the equations of motions to
Epi = pi − 1
3Λ55
∂ω∂ν
[
∂µ∂ωpiEˆαβµν
(
h˜αβ − 1
36Λ55
Π2αβ
)]
+
1
m2
∂µ∂νSµν +
1
2
S = 0 (4.18)
EAν = ∂µFµν +
1
2m
∂µSµν = ∂
µFµν = 0 , (4.19)
Ehµν = Eˆαβµν
(
h˜αβ − 1
36Λ55
Π2αβ
)
+
1
2
Sµν = 0 . (4.20)
The absence of a source in the helicity-1 equation need a qualification: In the decoupling limit
m→ 0 the source takes the form Sµν = S(0)µν +mS(1)µν +m2S(2)µν + ..., where S(0)µν is conserved,
∂µS
(0)
µν = 0, while in general S
(1,2)
µν is not. However, we will show below that ∂νS
(1)
µν ∼ m,
which is a sufficient condition to guarantee that the source in the helicity-1 equation EAν
vanishes in the decoupling limit, and hence trivially satisfies the Bianchi identity to that
order. In what follows, for all nonconserved currents on the r.h.s. of the helicity-1 equation
this decomposition will be implied. Thus, the helicity-1 and helicity-2 equations have well-
defined Cauchy problems.
The problem lies entirely with the helicity-0 equation which can be rearranged to take
the form
Epi + 1
3Λ55
∂ω∂ν
[
∂µ∂ωpi Ehµν
]
= pi +
1
m2
∂µ∂νS
µν +
1
2
S +
1
6Λ55
∂ω∂ν [∂µ∂ωpi S
µν ] = 0 .(4.21)
If no conditions are placed on the external source, this equation includes higher derivatives of
pi at the scale Λ5 so the ghost or perturbation theory problems would seem to be reintroduced.
However, in any realistic case the matter source itself will depend on the spin-2 field. Is it
possible to couple the entire spin-2 field hµν to matter in such away that perturbation theory is
well-defined at the scale Λ5 (and even up to the scale Λ3) and there are no ghosts? The clue to
the resolution is that the source in (4.19) appears to diverge as m→ 0, i.e. in the decoupling
limit that has been taken. Thus in order to have a consistent decoupling limit it is necessary
for the divergence of the source to behave as ∂µSµν ∼ m2 → 0. The fact that at leading
order the stress energy must be conserved is a reflection of the fact that in the m→ 0 limit,
the helicity-2 mode exhibits a linearized diffeomorphism symmetry h˜µν → h˜µν +∂µχν+∂νχµ
such that the helicity-1 and helicity-0 modes are invariant (since their variation is of order
m). This symmetry that arises in this limit then forces that its source is conserved (at leading
order) just as in GR and so ∂µS
(0)
µν = 0. Of course, this symmetry is not exact, and so the
source fails to be conserved at order m2 such that ∂µSµν/m
2 is finite in the limit m → 0.
This ensures that the sources in equations (4.19) and (4.20) are finite. In this way we can
see that there is a well-defined decoupling limit at the scale Λ5 even in the presence of a
source. The implication is that the helicity-1 and helicity-0 modes are sourced by terms
which are subleading in the decoupling limit from the point of view of the matter fields.
These subleading terms account for the non-conservation of the source due its backreaction,
i.e. the backreaction of gravity, on the equations of motion for the matter field. However this
in turn implies that ∂µSµν/m
2 must itself depend on the spin-2 field. The question we must
address then is: Is it possible in a realistic matter system to couple to matter in such a way
that the failure of conservation of the source because of the gravitational backreaction onto
the matter implies that the net source in (4.21) does not dependent on higher derivatives of
the helicity-0 mode?
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4.3.2 Consistency Relation for matter
In practice this is all extremely easy to achieve. For instance, suppose the matter couples to
the spin-2 field in a way that preserves diffeomorphism invariance. This is a choice that can
always be made classically. Sµν then takes the same expression it would do in GR, i.e. Sµν is
just proportional to the usual stress energy of the matter field Sµν =
√−g T µν/MPl. However,
as is well known, this stress energy is not ordinarily conserved but is rather covariantly
conserved as a direct consequence of the backreaction of gravity on the matter:
√−gDµT µν = ∂µ(
√−g T µν) +√−gΓνµω T µω = 0 , (4.22)
so that we can write the covariant conservation law for Sµν as
∂µ (S
µν) = −Γνµω Sµω . (4.23)
Here the Christoffel symbol should be evaluated on the full metric, however in the context of
the Λ5 decoupling limit it is sufficient to evaluate it with only the leading part of the helicity
zero mode contribution to the metric included δgµν =
1
3MPlm2
∂µ∂νpi since this is the term
that dominates in the Λ5 decoupling limit. This gives
Γνµω =
1
6MPlm2
∂ν∂ω∂µpi + . . . . (4.24)
Thus to leading order in the decoupling limit we have
1
m2
∂µ∂νS
µν = − 1
m2
∂ω
(
Γωµν S
µν
)
(4.25)
= − 1
6Λ55
∂ω (∂
ω∂µ∂νpiS
µν) + . . . (4.26)
= − 1
6Λ55
∂ω∂ν (∂
ω∂µpiS
µν) +O(Λ−44 ) + . . . (4.27)
where in the last step we made use of the fact that the failure of conservation of Sµν is a term
only relevant at a higher scale. Putting this together, at the scale Λ5 the correct equation
of motion for the helicity-0 mode, in the decoupling limit m → 0 keeping Λ5 fixed is the
perfectly well-defined equation
Epi + 1
3Λ55
∂ω∂ν
[
∂µ∂ωpi Ehµν
]
= pi +
1
2
S = 0 . (4.28)
Thus even in the presence of matter the equations of motion remain second order, and the
total number of propagating modes in the gravity sector remains as 5. Furthermore as with
previous arguments it is trivial to see that perturbation theory remains well behaved at the
scale Λ5 since it terminates at first order, as in the scalar toy model.
4.3.3 Preserving approximate linearized diffeomorphism invariance
We made this argument assuming that matter couples in a way that preserves diffeomorphism
invariance. Since diffeomorphism invariance is broken in massive gravity we can in principle
imagine other couplings to matter. However it is easy to see that regardless of the coupling
to matter it is never possible to reintroduce problems at the scale Λ5. The reason is that as
we have already explained, in the limit m→ 0 the source Sµν must be conserved ∂µSµν → 0.
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Thus at leading order this source must be the stress energy of the matter field. As in GR,
adding the term 12MPlhµνT
µν back into the Lagrangian then causes the matter fields to be
sourced by its own stress energy in such away that the stress energy fails to be conserved at
order 1/MPl. However, the way it fails to be conserved to this order is just the same as in
GR and so the above argument applies. In other words, any couplings to matter which do
not respect diffeomorphism invariance would have to come in at order h2µν or higher, and so
would not contribute in the Λ5 decoupling limit. In fact this argument extends up to the
scale Λ3 since this is the scale at which hµν ∼ 1 and perturbation theory breaks down.
In conclusion, it is not possible to reintroduce any problem at scales below Λ3 in coupling
to matter, the approximate symmetry h˜µν → h˜µν + ∂µχν + ∂νχµ is sufficient to protect the
couplings to matter even at the quantum level in such a way that below the scale Λ3 the
equation of motion for the helicity modes are all well-defined, propagating no more that 5
degrees of freedom, and perturbation theory remains well behaved in the presence of matter.
Notice that at the scale Λ3 the resulting theory of massive gravity is similar to that of DGP,
suggesting that the treatment of both theories could be thought in similar terms.
4.3.4 A specific example of consistent coupling to matter
One simple example of how one can consistently couple to matter working in the helicity
variables is provided by a point particle of mass mp described by the trajectory X
µ(τ) with
action
Smatter = −mp
∫
dτ
(
− 1
2e
gµν
dXµ
dτ
dXν
dτ
+
1
2
e
)
(4.29)
where τ denotes the proper time along the trajectory, and e is the einbein which accounts
for the worldline reparameterization invariance. To have a consistent Λ5 decoupling limit we
scale mp →∞ such that mp/MPl is finite. In this case Sµν is given by
Sµν =
mp
MPl
∫
dτ δ4(x−X)1
e
dXµ
dτ
dXν
dτ
. (4.30)
By the previous arguments, one can show that using the equations of motion for the particle,
ensures that the coupling to pi in the Λ5 decoupling limit is carried entirely by S. However,
we can also see this more directly by performing a field redefinition of the matter variables.
Working with the full action and making the helicity decomposition we have
gµν
dXµ
dτ
dXν
dτ
=
(
ηµν +
hˆµν
MPl
+
1
2mMPl
∂(µAν) +
1
3m2MPl
∂µ∂νpi +
1
6MPl
piηµν
)
dXµ
dτ
dXν
dτ
=
(
ηµν +
h¯µν
MPl
+
1
36Λ55
Π2µν +
1
2mMPl
∂(µAν) +
1
3m2MPl
∂µ∂νpi +
1
6MPl
piηµν
)
dXµ
dτ
dXν
dτ
.
Let us focus on one set of terms in this expression. After integration by parts we see that∫
dτ
1
e
(
1
2mMPl
∂(µAν) +
1
3m2MPl
∂µ∂νpi
)
dXµ
dτ
dXν
dτ
=
∫
dτ
d
edτ
(
1
mMPl
Aν +
1
3m2MPl
∂νpi
)
dXν
dτ
. (4.31)
Similarly ∫
dτ
1
e
1
36Λ55
Π2µν
dXµ
dτ
dXν
dτ
=
∫
dτ
e 36Λ55
d∂µpi
dτ
d∂µpi
dτ
.
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Now let us perform the following well-defined, invertible field definition
Y µ = Xµ +
m3
2Λ55
Aµ +
m2
6Λ55
∂µpi . (4.32)
It is easy to see that up to terms which vanish in the Λ5 decoupling limit the matter action
becomes
Smatter = −mp
∫
dτ
(
− 1
2e
(
ηµν +
h¯µν
MPl
+
1
6MPl
piηµν
)
dY µ
dτ
dY ν
dτ
+
1
2
e
)
+O(1/Λ44) . (4.33)
Since as we have already discussed the kinetic terms of h¯µν and pi decouple at this order, it
is transparent from the above action that that pi only couples to S and that the equations
of motion are second order. The field redefinition of the matter variables remains under
perturbative control since Y µ − Xµ vanishes as m2 in the Λ5 decoupling limit. As usual,
we did not need to perform the field redefinition to see that the equations of motion of the
spin-two field and the particle were both well-defined, however it certainly simplifies the
analysis.
As discussed earlier, the above result would be identical had we modified the action for
the particle by adding terms which violate full diffeomorphism invariance. For example, if
we add terms of the form
∆Smatter = −mp
∫
dτ
1
e
Fµναβ
(
Xω,
1
e
dXω
dτ
)
hµν
MPl
hαβ
MPl
+ . . . (4.34)
where Fµναβ is a tensor constructed locally out of the particles position and velocity. This
choice is a natural one since we still require the equations of motion for the particle to
remain second order. This term clearly violates full diffeomorphism invariance, nevertheless
it is harmless at this order because it vanishes in the Λ5 (and Λ4) decoupling limit with the
natural assumption that F , being dimensionless, is kept fixed in this limit. Similar reasoning
applies to terms with more powers of the spin-2 field, or more derivatives. Thus the fact
that in massive gravity the coupling to matter is less constrained is not in itself necessarily
a problem.
To reiterate, the linearized diffeomorphism invariance which always arises accidently in
the decoupling limit, forces the leading order coupling to matter 12MPlhµνT
µν to be the same as
in GR, and is sufficient to guarantee the absence of ghosts/breakdown of perturbation theory
below the scale Λ3 at least. At the scale Λ3 the situation becomes more subtle because at this
scale the helicity-0 mode becomes strongly coupled. However, even at this scale, whilst loops
from the helicity-0 mode will in principle generate matter couplings which do not respect full
diffeomorphism invariance, these will inevitably be suppressed by additional powers of Mpl
and thus occur at a scale higher that Λ3. Since the helicity decomposition is a bad one in
this regime, it is beyond the scope of this work to understand the full quantum consistency
of couplings to matter in massive gravity.
4.4 Consistency of perturbation theory in the Λ5 theory
Finally let us come to the issue of the scale at which perturbation theory breaks down. For
scattering processes we have seen that the theory is free at the scale Λ5 and so perturbation
theory is valid (as we will see below up to the scale Λ3). However, let us consider what
happens for spherically symmetric configurations in the presence of a source of mass M ,
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localized at r = 0. Following standard reasoning in the weak field region the solutions for
h˜ and pi take the form ∼ MMPlr . In the original helicity variables, the Λ5 terms do have an
important role to play in the classical solutions since at some characteristic distance, the
term (∂∂pi)2/Λ55 ∼ M
2
M2
Pl
Λ5
5
r6
becomes comparable to h˜ ∼ MMPlr . Thus in these variables the
apparent interactions seem to become important at a scale r ∼ (MΛ−63 )1/5. However this
does not signal the breakdown of perturbation theory for the spin-2 field. As in the two scalar
toy-model, the perturbative expansion actually terminates at first order in perturbations in
the Λ5 decoupling limit. Thus not only is perturbation theory well behaved, it is
exact at first order!
This is all made clear by actually solving the equations of motion in the presence of
matter, which by the above arguments are seen to be of the form
Epi + 1
3Λ55
∂ω∂ν
[
∂µ∂ωpi Ehµν
]
= pi +
1
2MPl
T = 0 (4.35)
EAν = ∂µFµν = 0 , (4.36)
Ehµν = Eˆαβµν
(
h˜αβ − 1
36Λ55
Π2αβ
)
+
1
2MPl
Tµν = 0 . (4.37)
The equation (4.35) may be solved exactly without any perturbative corrections
pi = pi0 − 1
2MPl
1

T , (4.38)
where pi0 as a solution of the homogeneous equation pi0 = 0. The vector equation may be
solved similarly, e.g. by choosing Lorentz gauge ∂µA
µ = 0
Aν = A
0
ν , (4.39)
for which A0ν = 0 and finally by choosing de Donder gauge ∂
µ(h˜µν − 12ηµν h˜) = 0 and
substituting in the solution for pi we obtain
h˜µν = h˜
0
µν −
1
2MPl
1

(
Tµν − 1
2
ηµνT
)
+
1
18Λ55
1

Vµν |pi=pi0− 1
2MPl
1

T . (4.40)
This completes the exact solutions for an arbitrary source. These solutions are also the ones
that arise at first order in perturbation theory since the contribution to h˜µν is linear in 1/Λ
5
5.
This we see that indeed first order perturbation theory is exact, and so perturbation theory
is certainly under control.
Another way of understanding this result is when the Λ5 terms become important, the
dimensionless spin-2 field hµν/MPl ∼ (mrs)4/5 ≪ 1 where rs is the Schwarzschild radius of
the source. Since for realistic values this is negligible, we see that perturbation theory of
the spin-2 field is easily under control at this scale. Pursuing this argument to its end, we
recover the known result that the actual scale of the breakdown of perturbation theory, i.e.
the scale at which the perturbative expansion fails to converge, is the scale Λ3, the correct
strong coupling scale of the helicity-0 mode, since it is only at this scale that hµν ∼ 1.
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5 Relevant interactions at the scale Λ4
Now that we have checked the consistency of the theory at the scale Λ5, let us go beyond
that scale and look for the relevant interactions all the way up to the scale Λ4.
There are potentially dangerous interactions that arise at this order from mixing the
vectors and scalars. For instance in [6] it was pointed out we could get already at cubic order
terms of the form (∂A)(∂2pi)2. Besides these, there is an entire zoo of interactions entering
at the scale Λ4. As in the previous section, it is essential to keep track of every single one
of them before determining the consistency of the theory, since all the Feynman diagrams
at the same scale contribute to the amplitude of scattering processes. Many of them taken
alone would break perturbative unitarity, but as we shall see below, for the specific mass
term considered in (3.2), the sum of all these diagrams does not violate unitarity and leads
to a trivial S-matrix at that scale.
The interactions entering at the scale Λ4 are as follows:
1. At the cubic level, ∂A(∂2pi)2 from the mass term and ∂2h˜∂A∂2pi, ∂A(∂2pi)2 and ∂2(∂A)3
from the EH term.
2. At the quartic level, (∂2pi)4 from the mass term and ∂2h˜(∂2pi)3, (∂2pi)4 or (∂A)2∂2(∂2pi)2
from the EH term.
3. At the quintic level, (∂A)∂2(∂2pi)4 from the EH term.
4. And finally, at the sextic level, (∂2pi)3∂2(∂2pi)3 from the EH term.
Furthermore, there are also two interactions in the intermediate region between Λ5 and Λ4,
the first one occurs at quartic order and is of the form (∂A)∂2(∂2pi)3 coming at the scale
Λ9/2 and the second one occurs at quintic order and is of the form ∂
2(∂2pi)5 with the slightly
higher scale Λ13/3.
With the correct choice of mass (3.2), many of these terms combine to give rise to a
total derivative. The rest of them can be treated in a similar manner to the terms that arise
at the scale Λ5. One can easily see that up to total derivatives, one has
L(3)
Λ4, ∂2(∂A)3
= 0 . (5.1)
As for the other interactions, we can start by focusing on terms of the form (∂A)(∂2pi)2 at
the cubic order.
5.1 A→ pipi scattering Amplitude
Although on-shell the 3-point function 〈Apipi〉 vanishes in the decoupling limit by energy/momentum
conservation, it does not necessarily do so off-shell, e.g. when looking at perturbations around
a given background. Since its off-shell behaviour is important in higher order diagrams let
us consider the off-shell form of its amplitude. This has a contribution from the following
interaction
L(3)
Λ4, (∂A)(∂2pi)2
=
1
36Λ44
Aµ
[
s1∂µ[Π]
2 + s2∂µ[Π
2] + s3∂αpi∂µ∂
αpi
]
, (5.2)
with s1 = −(1+4k2+12k3), s2 = (1−6k1−4k2) and s3 = −(6k1+4k2). With the coefficient
k’s given in (3.7) this simplifies to
L(3)
Λ4, (∂A)(∂2pi)2
=
1
36Λ44
Aµ
[
∂µ[Π
2]− ∂νΠ2µν
]
. (5.3)
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The existence of this interaction, taken alone, would imply the breakdown of perturbative
unitarity at the scale Λ4. Furthermore, since this interaction involves three derivatives on pi,
the 3-point scattering process A→ pipi would appear to contain a ghost. If this was the end
product, this scattering process would not have a well-posed Cauchy problem and the theory
would have a ghost. Fortunately, there is another class of diagrams that contributes to this
amplitude which arises from the tree level process A→ h˜→ pipi.
The first decay A → h˜ is governed by the interaction −mAµ
(
∂ν h˜
µν − ∂µh˜
)
in (3.10).
A priori this term is negligible as it suppressed by a factor m/k. However the second decay
h˜ → pipi is governed by the interaction − 1
36Λ5
5
h˜µν Eˆαβµν Π2αβ found in (4.1) and is enhanced by
a factor Λ55/k
5 ∼ k/m. While the first decay, is very unlikely to occur at an energy scale
Λ4 or below, the second decay on the other hand is extremely fast, such that this channel is
actually as efficient as the direct channel A→ pipi. Combining these two diagrams together,
it is easy to see that the resulting amplitude of the 3-point function 〈Apipi〉 vanishes at tree
level at the scale Λ4 or below.

Aµ
pi1
pi2
∂5
36Λ4
4
+

h˜µν
Aµ
pi1
pi2
m∂ − ∂6
36Λ5
5
= 0
Figure 2. Tree-level diagrams contributing to the 3-point function 〈Apipi〉 at the scale Λ4.
Of course the fact that we must work hard to see this cancelation is just a reflection
of the fact that to look at physics at the scale Λ4, it is better to work with the correctly
diagonalized helicity-2 mode defined by the scale Λ5. Had we done this from the outset
neither of these processes would have arisen in the first place.
5.2 pipi → pipi scattering Amplitude
Another type of interaction that arises on-shell and deserves attention is the quartic one of
the form (∂2pi)4, which gives a contribution
L(4)
Λ4, (∂2pi)4
= − 1
2× 362Λ84
(
[Π4]− [Π2]2) . (5.4)
Here again, this interaction has non-vanishing higher derivative terms which would seem
to suggest a problem. However, at the same scale the channel pipi → h˜ → h˜ → pipi gives
precisely an opposite contribution which cancels (5.4). This channel can be understood as
follows: First both pi’s decay into a helicity-2 mode via the interaction − 1
36Λ5
5
h˜µν Eˆαβµν Π2αβ
found in (4.1) at the scale Λ5. Then the interaction −12m2
(
h˜2µν − h˜2
)
in (3.10) is suppressed
by m2 (strictly speaking this should be part of the helicity-2 propagator, but since this has
been neglected for the previous interactions, this has to be included as an “additional” inter-
action at this level). Finally, the helicity-2 decays back into 2 helicity-0 via the inverse process
h˜→ pipi which occurs at the scale Λ5. Putting all this together, this gives rise to three new di-
agrams with an effective scale (Λ105 /m
2)1/8 = Λ44 which should therefore be considered at the
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same time as (5.4). We can easily see that the sum of all these four diagrams precisely cancels.
As we can see, this is a very cumbersome approach to compute these scattering processes,
and the most direct way to deal with this is simply to diagonalize the helicity-2 mode at the
cubic level through the redefinition (4.10). We emphasize however once again, that whilst
it makes more sense to work in terms of the diagonalized field, no physics is hidden in this
redefinition, and we have gone to great length to show explicitly how to understand the
physics if we were to chose to work in terms of the undiagonalized field. We now turn back
to a more conventional approach and work in terms of the h¯µν defined in (4.10).
5.3 Free theory at the scale Λ4
Except for the three interactions ∂2h˜∂A∂2pi, (∂A2)2∂2(∂2pi)2 and (∂A)∂2(∂2pi)3 all the other
interactions arising at or below the scale Λ4 are nothing else but part of the diagonalized
helicity-2 h¯µν interactions. More precisely,
L(3)
Λ4, (∂A)(∂2pi)2
⊂ −mAµ
(
∂ν h¯
µν − ∂µh¯
)
(5.5)
L(4)
Λ4, (∂2pi)2
⊂ −1
2
m2
(
h¯2µν − h¯2
)
(5.6)
L(4)
Λ4, (∂2h˜)(∂2pi)2
⊂ 1
MPlm2
h¯∂2h¯(∂2pi) (5.7)
L(5)
Λ4, (∂A)(∂2pi)4
⊂ 1
MPlm
∂Ah¯∂2h¯ (5.8)
L(6)
Λ4, (∂2pi)3∂2(∂2pi)3
⊂ 1
MPl
h¯2∂2h¯ (5.9)
L(5)
Λ13/3, ∂2(∂2pi)5
⊂ 1
MPlm2
h¯∂2h¯(∂2pi) , (5.10)
so after appropriate diagonalization of the helicity-2, the previous terms do not appear in the
theory. In other words, if we were to keep working in terms of h˜µν , any diagram involving the
previous vertices precisely cancels with another diagram such that the resulting scattering
amplitude in question vanishes. Once we work with h¯µν , the only three remaining terms that
arise between the scale Λ5 and Λ4 included are given by,
L(3)
Λ4, ∂2h¯∂A∂2pi
= − 1
12Λ44
h¯µν Eˆαβµν Pαβ (5.11)
L(4)
Λ4, (∂A)2∂2(∂2pi)2
=
1
8Λ84
Pµν Eˆαβµν Pαβ (5.12)
L(4)
Λ9/2, (∂A)∂2(∂2pi)3
=
1
12× 36Λ44Λ55
Pµν Eˆαβµν Π2αβ , (5.13)
with Pµν = ∂(µA
αΠν)α. All these interactions therefore combine to form
L = −1
8
F 2µν +
1
12
pipi
+
1
2
(
h¯µν − P
µν
12Λ44
)
Eˆαβµν
(
h¯αβ −
Pαβ
12Λ44
)
+ · · · , (5.14)
where the dots denote terms that vanish in the decoupling limit if h¯ is kept finite. It is
easy to see that the second line does lead to higher derivative interactions terms, which by
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themselves break unitarity, but the combined sum of the diagrams from interactions on the
second line is of course fine as has already been discussed at length previously. The remaining
coupling between h¯µν and Pµν at quartic order, is nothing else but the indication that h¯ has
still not been fully diagonalized, and the properly diagonalized helicity-2 mode (up to the
scale Λ4) is instead
h˘µν = h˜µν − 1
36Λ55
Π2µν −
1
12Λ44
Pµν . (5.15)
Working in terms of the helicity-2 mode h˘, which is the one whose kinetic terms is diagonalized
around an arbitrary background at least up to the scale Λ4, the decomposition of field reads
as follows:
hµν = h˘µν +
1
6
piηµν +MPl(ΨµαΨ
α
ν − ηµν)−
1
4Λ33
∂µAα∂νA
α , (5.16)
with
Ψµα = ηµα +
1
2MPlm
∂µAα +
1
6MPlm2
∂µ∂αpi . (5.17)
and the Lagrangian can again be seen to be that of a free theory
L = −1
8
F 2µν +
1
12
pipi +
1
2
h˘µν Eˆαβµν h˘αβ +O(Λ−nn ) , (5.18)
where corrections come in at a larger energy scale n < 4.
5.4 Validity of perturbation theory and coupling to matter
We may now simply apply all the arguments used at the scale Λ5 to see that perturbation
theory is under control at the scale Λ4. As before the point is that the pi equation of motion
can be seen to be
pi = 0 (5.19)
in the absence of a source. As before, taking into account the conditions that must be satisfied
by any allowed coupling to matter we infer that in the presence of a source the equations
also remain second order
pi = − 1
2MPl
T. (5.20)
This means it is always possible to determine pi to all orders in perturbation theory. Given
this solution we may then solve the well-defined second order equations for the helicity-2 and
helicity-1 modes and as before perturbation theory is seen to be exact to first order in 1/Λ55
and 1/Λ44 something which is made manifest by the field redefinition (5.15).
6 Beyond Λ4
6.1 Between Λ4 and Λ3
Having shown that no pathological interactions arise at energy scales k lower or equal to Λ4,
let us consider the region Λ4 < k < Λ3. Since the last term in (5.16) is negligible at these
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scales, we may simply omit it and check the consistency of the theory without it. As a simple
consequence of local diffeomorphism invariance, the EH term can be computed without the
contribution from Ψ,
M2Pl
√−gR|gµν= 1MPl (h˘µν+ 16piηµν )+ΨµαΨ αν = (6.1)
M2Pl
√−gR|gµν=ηµν+ 1M
Pl
(h˘µν+
1
6
piηµν )
+ terms which vanish below Λ3 ,
so between the scale Λ4 and Λ3 there cannot be any additional contribution from the EH
term. Any contribution should therefore come from the mass term. Fortunately only two
classes of interactions are relevant at these scales, namely terms of form (∂2pi)n arising at the
scale Λ(3n−4)/(n−2) (with n > 4), and the ones of the form (∂A)(∂
2pi)n arising at the scale
Λ(3n−2)/(n−1) (with n > 3). The mass term we have considered in (3.2) has been specifically
engineered so as to cancel all the interactions of the form (∂2pi)n and we will not reproduce
this calculation here. The second type of interactions, (∂A)(∂2pi)n on the other hand deserves
special care. Upon close inspection, one can check that all the terms of that form resum to
form the following all-orders Lagrangian
L(∂A)(∂2pi)n =MPlm (∂µAν + ∂νAµ)Xµν , (6.2)
with
Xµν =
1
MPlm2
(Πηµν −Πµν) + 1 + 3α3
M2Plm
6
(
Π2µν −ΠΠµν +
1
2
(
[Π]2 − [Π2]) ηµν
)
(6.3)
+
α3 + 4α4
M3Plm
9
(
Π3µν −ΠΠ2µν +
1
2
Πµν
(
[Π]2 − [Π2])− 1
6
([Π]3 − 3[Π][Π2] + 2[Π3])ηµν
)
.
Since Xµν is identically transverse ∂
µXµν = 0, the final interaction term (6.2) that could
survive below Λ3 is actually a total derivative and gives no contribution (in any case, we see
that this would never give anything beyond n = 3). The theory at hand is therefore free all
the way up to (but not including) the scale Λ3. In other words we have finally shown that the
correct scale of interactions of the helicity modes is the scale Λ3. Thus the hierarchy of scales
that seems to arise between Λ5 and Λ3 is entirely fake, no physics actually occurs at these
scales, no interactions occur at these scales, no ghosts appear at these scales, perturbation
theory of the spin-2 field remains under control at these scales, and last but not least, there
are no quantum corrections at these scales !
6.2 Relevant interactions at the scale Λ3: The true strong coupling scale
Finally we come to the scale Λ3. At this scale the helicity-0 mode has genuine interactions,
and it is easy to show that the helicity-0 becomes strongly coupled at this scale. Tree level
unitarity is violated at this scale. This is not a new statement, but it follows equally in the
helicity decomposition. When this occurs the spin-2 perturbation theory breaks down as
well, and so this is also the scale at which the helicity decomposition is no longer a useful
one. However, it certainly does not mean that there are ghosts, it simply means that the
helicity decomposition is not a good way to analyze the system at these scales. As has al-
ready been shown in great detail [3], the Stu¨ckelberg decomposition demonstrates that for
the special two parameter family of mass terms, the absence of ghosts at the scale Λ3 and the
ADM decomposition proves it to all orders (at least classically) [4]. For these reasons there
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is no need to pursue the helicity decomposition to this scale, since it becomes redundant to
previous analysis.
Despite the fact that the results are already known, let us sketch a few of the details to
make clear the comparison between the helicity and Stu¨ckelberg decompositions at the scale
Λ3. It is worth pointing out that at the scale Λ3, the cubic interaction ∂
2h˘(∂A)2 from the
EH is relevant and ought to be diagonalized,
L(3)
Λ3, ∂2h˘(∂A)2
= − 1
4Λ33
h˘αβ Eˆµναβ∂µAγ∂νAγ . (6.4)
To diagonalize this interaction it is therefore necessary to make the field redefinition
hˆµν = h˘µν − 1
4Λ33
∂µAγ∂νA
γ , (6.5)
and as result we recover the fact that after this diagonalization, the helicity-2 mode at that
level is nothing else but what we would have inferred from the Stu¨ckelberg decomposition
hµν = h
Stueckelberg
µν +
1
6
piηµν +MPl(ΨµαΨ
α
ν − ηµν) . (6.6)
We have derived here the Stu¨ckelberg decomposition without ever invoking
diffeomorphism invariance! To be clear we are not dealing with the Stu¨ckelberg decom-
position in its standard presentation, but rather what the Stu¨ckelberg decomposition looks
like when translated back into unitary gauge. The relationship between the above defined
unitary gauge metric and the metric in Stu¨ckelberg gauge, in which the 4 Stu¨ckelberg fields
are taken to be dynamical, is given by
gµν = g
S
αβ∂µΦ
α∂νΦ
β (6.7)
With gSαβ = ηαβ + h
S
αβ and Φ
A = xA + 12MPlm
(
Aα +
1
3m∂αpi
)
we obtain
hµν =MPl(gµν − ηµν) =MPl (ΨµαΨµα − ηµν) + hSαβ∂µΦα∂νΦβ (6.8)
As long as we are working at energy scales below Λ3 this is equivalent to
hµν =MPl(gµν − ηµν) =MPl (ΨµαΨµα − ηµν) + hSµν (6.9)
Finally writing hSµν = h
Stueckelberg
µν +
1
6piηµν gives the desired expression
hµν = h
Stueckelberg
µν +
1
6
piηµν +MPl (ΨµαΨµ
α − ηµν)
= hStueckelbergµν +
1
2m
∂(µAν) +
1
3m2
∂µ∂νpi +D
Stueckelberg
µν . (6.10)
In [6], it was suggested that their apparent discrepancy between the Stu¨ckelberg lan-
guage and the helicity decomposition is related to the fact that the helicity-0 mode in both
languages is related via a nonlinear expression
pihelicityηµν = pi
Stueckelbergηµν +
1
Λ55
(
∂µ∂αpi
Stueckelberg∂ν∂
αpiStueckelberg − · · ·
)
, (6.11)
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where in their logic, pihelicity identifies the helicity-0 mode in the helicity decomposition while
piStueckelberg is the scalar that appears in the Stu¨ckelberg language. By this point it is however
obvious that this is by no mean the correct identification to be made. In reality, the mode
piStueckelberg is nothing else but the very same helicity-0 mode pihelicity that appears in the
helicity decomposition. Instead, the Stu¨ckelberg and helicity decomposition are reconciled
via the correct identification of the helicity-2 part of the massive spin-2 field. As we have
seen, up to the scale Λ3, the correctly diagonalized helicity-2 mode is not h
helicity
µν but instead
hStueckelbergµν given in (6.6). Of course there is no problem whatsoever in expressing h
helicity
µν in
terms of hStueckelbergµν , their relation is perfectly well-defined and invertible.
7 Outlook
In this article we have considered the helicity decomposition of the two parameter allowed
ghost-free interacting models of massive spin-2 fields, i.e. massive gravity [2]. We find that,
despite the apparent hierarchy of scales due to the appearance of terms in the Lagrangian
at the intermediate scales Λ5 and Λ4, the first interactions of the helicity modes arise at the
scale Λ3. We demonstrate this result without the use of field redefinitions. We show that
the equations of motion of the helicity modes have a well-defined Cauchy problem in the
presence of matter, and that the symmetry that arises in the m → 0 limit is sufficient to
ensure that the loops from matter never reintroduce problems at the scales Λ5 or Λ4. This
result confirms the absence of ghosts in these decoupling limits. We show that perturbation
of the spin-2 field remains well-defined below the scale Λ3 confirming that Λ3 is the true
strong coupling scale of the helicity-0 mode. Our results are completely consistent with the
ghost-free proof of these models using the ADM formalism [2, 4] and are consistent with how
the ghosts can be seen to be absent in the Stu¨ckelberg formalism [5].
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A Phase Space degrees of freedom
In this appendix we show how the Hamiltonian of the scalar field model (2.1) is perfectly
well defined and propagates only four degrees of freedom in phase space. To simplify we only
focus on the time dependencies, such that the Lagrangian is of the form
L = 1
2
(
ψ˙ +
2
Λ5
φ¨
...
φ
)2
+
1
2
φ˙2 . (A.1)
To understand better the degrees of freedom, it is helpful to rewrite this as a constrained
system
L = 1
2
(
ψ˙ +
2
Λ5
µ µ˙
)2
+
1
2
φ˙2 + ρ
(
µ− φ¨
)
. (A.2)
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where the auxiliary field ρ enforces µ = φ¨ making transparent the equivalence with the
previous system. Now on integration by parts this is equivalent to
L = 1
2
(
ψ˙ +
2
Λ5
µ µ˙
)2
+
1
2
φ˙2 + ρµ+ ρ˙φ˙ (A.3)
A priori this extends the phase space to a eight dimensional one (2 times too large),
signaling the presence of a ghost, however the theory at hand is (as we know) extremely
special in that it propagates a constraint. One can start by defining the conjugate momenta
associated to φ, ψ, ρ and µ,
Pψ = ψ˙ +
2
Λ5
µµ˙ (A.4)
Pφ = φ˙+ ρ˙ , (A.5)
Pρ = φ˙ (A.6)
Pµ =
2
Λ5
µ
(
ψ˙ +
2
Λ5
µµ˙
)
(A.7)
Already it is clear that there is a constraint C1 = Pµ− 2Λ5µPψ = 0. Taking this into account
the Hamiltonian is
H =
[
1
2
P 2ψ + PφPρ −
1
2
P 2ρ − ρµ
]
+ λ1
(
Pµ − 2
Λ5
µPψ
)
(A.8)
However there is also a secondary constraint C2 = i[C1,H] = ρ = 0 and a tertiary constraint
C3 = i[C2,H] = Pρ − Pφ = 0. Putting this together we get
H =
[
1
2
P 2ψ +
1
2
P 2φ
]
+ λ1
(
Pµ − 2
Λ5
µPψ
)
+ λ2(ρ) + λ3 (Pρ − Pφ) (A.9)
with λ1, λ2, λ3 Lagrange multipliers. Although C2 and C3 are second class constraints since
[C2, C3] = i, C1 is clearly first class and thus removes two degrees of freedom. It generates
the symmetry ψ → ψ + 2µα(t), µ → µ − Λ55α(t) for infinitessimal α(t). Thus there are a
total of 8− 2(second class)− 2× 1(first class) = 4 phase space degrees of freedom and hence
2 physical degrees of freedom. As usual this was manifest from the outset by performing the
field redefinition ψ = ψ¯− φ¨2/Λ5, however since this is a non-canonical transformation it was
important to check that this redefinition could be consistently performed.
Interestingly the special coupling to sources considered in Section 2.2 is precisely the
coupling
Lsource = J¯φφ+ J¯ψ
(
ψ +
1
Λ5
(∂α∂βφ)
2
)
= J¯φφ+ J¯ψ
(
ψ +
1
Λ5
µ2
)
(A.10)
which preserves the first class symmetry. This is yet another way to understand how the
correct number of physical degrees of freedom can be maintained at the quantum level even
in the presence of sources since it will be protected by this gauge symmetry.
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